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Abstract: A prediction method for shape-drawing force was developed with the cross-section division method, which divides the

cross-sections of the initial workpiece and final product into finite elements at small angles. Each divided element is assumed to undergo

an axisymmetric drawing process. Wistreich’s equation, which considers redundant deformation by employing a redundant work factor,

was applied to calculate the axisymmetric drawing force for each element. To evaluate the redundant work factor, which varies with

the reduction ratio and half die angle, a regression equation between the redundant work factor and a geometric parameter associated

with the die’s deformation zone was derived by performing a finite element (FE) analysis on a series of axisymmetric drawing processes.

The validity of the proposed method was confirmed via FE analysis of various shape-drawing processes. The forming load predicted

by the proposed method exhibited good agreement with the results of the FE analysis, with errors of approximately 10% or less.
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1. Introduction

Drawing is a cold-forming process that involves pulling wires,
rods, or bars via a die to reduce its cross-sectional area while increas-
ing its length [1]. This process offers superior surface finish and near-
net-shaped dimensions in long products with constant arbitrary
cross-sections [2]. Recently, there has been a significant increase in
the production of machine parts with complex cross-sectional pro-
files via drawing processes that are not limited to axisymmetric pro-
files. This shape-drawing process has various applications in several
fields, including automotive, semiconductor, robotic, and precision
measurement devices [3].

Theoretical analysis of the drawing force has been an important
issue over the last few decades because it is closely related to practi-
cal concerns, such as determining whether it is feasible to draw a part
under specific conditions and whether the final product will maintain
the desired dimensional accuracy. Numerous studies have been con-
ducted to calculate the drawing force, primarily based on the slab
method [4], upper-bound method [5], and finite element (FE) method
[6][7]. These investigations predominantly focused on the axisym-
metric drawing process, which involves shaping round sections from

round bars. However, only a few researchers have evaluated the

forming load during the shape-drawing process. Basily and Sansome
[8] proposed upper- and lower-bound solutions for predicting the
drawing force when shaping symmetric section rods from a round
stock. Lee et al. [9] introduced a straightforward approach to estimat-
ing the forming load during the drawing process for arbitrary cross-
sectional shapes by employing the cross-sectional division method
and Geleji’s equation, an analytical model of the axisymmetric draw-
ing force. Furthermore, Kim et al. [10] expanded this method to draw
force predictions in a multistage drawing process incorporating idle
roll dies. However, it has also been reported that the existing ap-
proach employing Geleji’s equation can result in significant errors of
approximately 30% [11].

The main objective of this study was to propose an analytical
method for evaluating the forming force required to create com-
ponents with complicated cross-sectional profiles via the shape-
drawing process. This goal is achieved by employing the cross-
sectional division method [9], assuming that the divided finite
elements of the initial and final cross-sectional shapes are de-
formed like an axisymmetric drawing process. In addition,
Wistreich’s equation [12], in which the effect of redundant defor-

mation on the drawing force is considered by applying a redundant
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work factor, was applied to calculate the drawing force for each di-
vided element. Because the redundant work factor varies across the
cross-section owing to changes in the deformation zone geometry of
the die in shape drawing, FE analysis was utilized to establish the
correlation between the redundant work factor and a geometric pa-
rameter of the die deformation zone. Finally, the shape-drawing pro-
cesses are simulated via FE analysis to validate the applicability of

the developed prediction model for the shape-drawing force.

2. Drawing Force Prediction Model

2.1 Analytical Model for Shape Drawing

Figure 1 schematically illustrates the cross-sectional division
method. The first step involves dividing the cross-sections of the
initial and final products into finite elements at a small angle (6).
Each divided element can be treated as an axisymmetric drawing
process, where the inlet and exit radii are denoted as R, and
Re.i), respectively, and ai is the half-die angle. Subsequently, the
drawing force for an element (Fd,) was computed with a theoret-
ical model for axisymmetric drawing. Finally, the total shape
drawing force (Faotat) Was determined by summing the drawing

forces from each divided element as follows.
Fyrotar = 2ie1 Fa,ir 1)

where n is the number of total elements.
According to Wistreich [12], the analytical solution for the ax-

isymmetric drawing force (Fq) can be expressed as
Fg = ®A,Ym(1+ucota)ep, 2

where @ is the redundant work factor; Az is the cross-sectional
area of the die outlet; Ym is the mean yield stress; x is the friction
coefficient; a is the half die angle. g, is the homogeneous strain
defined by

e = In(AJAL), (3)

Section division

Initial shape

i element

Kyung-Hun Lee

where A, represents the cross-sectional area of the die inlet. For
a material with a strain-hardening behavior following a power

law, the mean yield stress is given by
Y = Ke/m+1, (4)

where K is the strength coefficient of the material, and m is the
strain hardening exponent.

In Equation (2), Ymey, represents the drawing force for homo-
geneous deformation. The term pcota reflects the additional force
required to overcome the friction between the material and the
die. The redundant work factor @ relates to the internal distortion
of the material, which does not contribute to the dimensional
change but induces a redundant strain other than that required for
homogeneous deformation [13]. @ can be determined experi-
mentally by measuring the drawing force and dividing it by the
term A,Ym(1+ucota)e, which is denoted as Fi hereafter. The
drawing force Fi can be readily calculated, provided the friction
coefficient and the stress—strain relationship are known. Gener-
ally, itis believed that ® depends on a single geometric parameter
of the die’s deformation zone, namely Parameter A, which can be

given by Equation (5) [13]:

_ 1+V1-r

A=T7=

sina )

where r is the reduction ratio between the initial shape and the
final one.

Because the cross-section division method assumes that shape
drawing comprises multiple axisymmetric drawing processes
with different reduction ratios and half-die angles, it is essential
to establish a general relationship between ® and A. This allows
the redundant work factor associated with a specific A to be esti-
mated easily across a wide range of scenarios. To derive an ana-
lytical expression for the redundant work factor @, Atkins and
Caddell [14] conducted extensive axisymmetric drawing tests on

stainless steel and aluminum and found that a linear equation

Axisymmetric drawing of i element

Figure 1: Schematic of cross-section division method
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could be formulated between ® and A. However, drawing tests
for all conditions in question can be impractical and time-con-
suming. Therefore, here, FE analysis was conducted on axisym-
metric drawing involving diverse combinations of reduction ra-
tios and half-die angles to investigate the relationship between
the redundant work factor and the parameter A.

2.2 Evaluation of Redundant Work Factor

Rigid-plastic analysis for axisymmetric drawing was con-
ducted via the commercial forming analysis software DEFORM
2D. Table 1 presents the 20 values for the parameter A that were
chosen for FE analysis, considering the typical ranges of half-die
angles and reduction ratios utilized in shaped drawing [1]. Figure
2 illustrates the FE analysis model. The initial workpiece was 30-
mm long and 20-mm in diameter. A total of 6,030 elements were
employed, with a minimum element size of approximately 0.22
mm. Regarding the equipment specifications typically utilized in
the industrial field, a drawing speed of 10 mm/s was utilized, and
the friction coefficient u between the material and die was set to
0.0577, as per previous research [10].

Table 1: Values of A as function of half-die angle and reduction

ratio

: =~
Half-die angle (°) Reduction ratio (%)

5 10 15 20 25
4 55 2.7 1.7 13 1.0
6 8.2 4.0 2.6 1.9 15
8 109 | 53 35 2.5 20
10 13.7 6.7 4.3 31 24

30 mm
Axisymmetry B.C

Drawing
die

Figure 2: FE analysis model for axisymmetric drawing

The material under investigation was a highly pure stainless
steel (STS 316L) manufactured via a two-stage vacuum melting
process that included vacuum induction melting and vacuum arc
remelting. Mechanical properties were determined via uniaxial
tensile tests conducted in accordance with the KS B 0802 stand-
ard. The tensile test specimens had a gauge length of 25 mm and
a diameter of 5 mm. The mechanical properties obtained from the
tests are presented in Table 2, and Figure 3 illustrates the flow-
stress curve employed for the FE analysis.

Table 2: Mechanical properties of STS 316L

Properties Values
Yield strength (MPa) 247
Tensile strength (MPa) 613
Work-hardening law K 1433
g =K&m m 0.4906

400

380 1

360 4

340 4

o
3204,

300§

Effective stress (MPa)

280 1

260 T T T
0.0 0.4 0.8 1.2 1.6 2.0

Effective strain

Figure 3: Flow-stress curve of STS 316L

The drawing forces evaluated by FE analysis for various A val-
ues are presented in Table 3, along with the theoretically calcu-
lated drawing forces (referred to as Fi) that do not consider the
contribution of redundant deformation. The redundant work fac-
tor @ was subsequently determined by comparing the FE analysis
results with the corresponding drawing force, Fi. The values of
® as a function of A are presented in Figure 4. It is noteworthy
that, similar to the results obtained from the literature [14], all ®
values for the experimental material exhibit a dependence on A,

which leads to the following linear regression equation.
® = 0.37 4+ 0.47A (6)

With the established relationship between ® and A for the mate-
rial described in Equation 6, Wistreich’s equation can now be
applied to predict the forming load in drawing processes that cre-

ate products with arbitrary cross-sectional shapes.
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Table 3: Drawing forces estimated by FE analysis and theoreti-

cal equation along with resulting values of ©

A Drawing force (tons) o
FE analysis Fi
1 6.68 6.59 1.01
1.3 5.15 4.84 1.06
15 6.17 5.59 1.10
1.7 3.73 3.18 1.17
1.9 4,94 411 1.20
2.0 6.20 5.09 1.22
2.4 6.48 4.79 1.35
25 5.09 3.74 1.36
2.6 3.82 2.70 1.41
2.7 2.52 1.78 1.42
3.1 5.42 3.52 1.54
3.5 4.15 2.46 1.68
4.0 2.85 1.51 1.89
4.3 4.59 2.32 1.98
5.3 3.18 1.37 2.32
5.5 1.52 0.65 2.36
6.7 3.74 1.29 2.89
8.2 1.91 0.55 3.50
109 2.27 0.50 4.56
13.7 2.63 0.47 5.60
6

y = 0.37 + 0.474
R* = 0.9957

Redundant work factor @

6 7 8 9
Parameter A

1 2 3 45 10 11 12 13 14

Figure 4: Redundant work factor @ as function of geometric pa-

rameter A

Finalshape [pitial material
(042.3)

Intermediate
die shape

Reduction ratio
Ipass : 26.2%
2pass : 26.2% 7

26.1

Unit: mm

i

. Reduction ratio : 24.6%
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3. Shape Drawing Force Evaluation

3.1 FE Analysis Conditions

The drawing force prediction method proposed here was ver-
ified via an FE analysis of various shape-drawing processes. Fig-
ure 5 presents the cross-sectional profiles of the final products
with rectangular and hexagonal shapes manufactured from the
round initial bars. To prevent undercutting, the diameter of the
initial material was set to be larger than the minimum circumfer-
ence of the product. For the rectangular profile, a multistage
drawing process was implemented, which included an interme-
diate heat treatment owing to the substantial reduction ratio of
45.6%. Therefore, to consider the effect of heat treatment, the ef-
fective strain accumulated in the material after 1t pass drawing
was set to zero when a 2" pass forming analysis was performed,

as depicted in Figure 6. The intermediate die shape of the multi-

Initial workpiece

#=0.0577

Drawn material

4a\w‘ing direction

1*die

Annealed material
(E=0)

Final product

|
T e

rawing direction

Figure 6: FE analysis model for multistage rectangular shape

drawing

Initial material
(945.0)

i

Reduction ratio : 33.4%

Figure 5: Shapes and dimensions of initial bars and final products
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stage drawing process (i.e., the final shape of the 1% pass) was
determined via electric field analysis [15]. In addition, a pass
schedule was designed based on the average reduction ratio

(ravg), defined as follows.
Tavg = [1 - (1 - rtotal/loo)l/p] % 100, (7)

where rwota is the total reduction ratio, and p is the number of
passes.

Considering the symmetry of all final products, a quarter-sec-
tion was analyzed with DEFORM 3D software, as demonstrated
in Figure 6. The analysis utilized approximately 140,000 and
95,000 3D tetrahedral elements for multistage rectangular shape
drawing and hexagonal shape drawing, respectively. The mini-
mum element size was 0.14 mm for the former and 0.84 mm for
the latter. The material properties and analysis conditions, such
as drawing speed and friction coefficient, were consistent with
those utilized in the FE analysis of the axisymmetric drawing

process, as detailed in Section 2.2.

3.2 Results of Drawing Force Prediction

50

—0o0— FE analysis
—o— Predicted

= 404

£

2

Py 34.3 tons

5

‘:n 25.8 tons

-

z

=

1

=]

50 100 150 200 250
Stroke (mm)
(a) Multistage rectangular shape drawing
50

—0— FE analysis
—o— Predicted

= 404

=

S

Y

o

-

B

50

-

=

o1

1o

=]

40 60 80 100 120
Stroke (mm)

(b) Hexagonal shape drawing (Reduction ratio: 24.6%)

70

—0— FE analysis
60 - —0— Predicted

50 1

43.1 tons

Drawing force (tons)

.fm-‘”ﬂﬂﬂ‘:ﬂ ..

40 60 80 100 120 140
Stroke (mm)
(c) Hexagonal shape drawing (Reduction ratio: 33.4%)
Figure 7: Comparison between drawing forces predicted by

Wistreich’s equation and FE analysis

Figure 7 compares the drawing forces predicted by the pro-
posed method and those obtained via FE analysis. The cross-sec-
tion division method was employed for the evaluation utilizing
the proposed method, involving the division of cross-sectional
profiles into 30 elements with an angle (6) of 3°. Following this,
the redundant work factor for each divided element was com-
puted with Equation (6) based on the reduction ratio and half-
die angle (i.e., parameter A). Finally, Wistreich’s equation was
applied to predict the drawing force for each divided element,
and the overall drawing force was determined by combining the

drawing forces of all the elements.

Table 4: Comparison of drawing forces

Drawing force (tons) Error (%)
Classification FE o N .
. |Wistreich|Geleji| Wistreich | Geleji
analysis

Multi-stage drawing
1%t pass (26.2%)
Multi-stage drawing
2" pass (26.2%)
Hexagonal (24.6%) | 32.6 324 |276| 05 |154
Hexagonal (33.4%) | 47.6 431 |423| 95 11.0

344 343 301 0.2 12.4

26.4 258 |218| 21 17.4

The values of the drawing forces and associated errors of the
proposed method are compared with the results obtained from the
FE analysis in Table 4. For comparison, the drawing forces esti-
mated by the method proposed by Lee et al. [9] utilizing Geleji’s
equation was also documented. In the multistage drawing, the
prediction made by the proposed method is in good agreement
with the FE analysis results. In contrast, existing methods tend to
underestimate the drawing force. The proposed method substan-

tially decreased the error from 12.4% to 0.2% in the 1%t pass and
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from 17.4% to 2.1% in the 2" pass when compared with the pre-
vious method based on the Geleji equation. Similarly, in the
shape drawing of a hexagonal profile with a reduction ratio of
24.6%, Wistreich’s equation led to a significant reduction in the
error from 15.4% to 0.5% compared to Geleji’s equation.

Atkins and Caddell [14] highlighted that utilizing the mean
yield stress leads to errors in the computation of the drawing
force. Moreover, the deviation became more pronounced as the
values of the strain and strain-hardening exponent increased,
given a specific friction coefficient and half-die angle. This is
likely why the existing method utilizing Geleji’s equation, which
relies on the mean yield stress, inherently contains errors when
estimating the drawing force for materials with high strain-hard-
ening exponents, such as the STS 316L utilized here. Although
Wistreich’s equation also employs the mean yield stress, it can
offset this error by incorporating the redundant work factor @ de-
rived from FE analysis utilizing the actual flow stress, allowing
it to provide a more accurate prediction.

In contrast, for the hexagonal drawing process with a reduction
ratio of 33.4%, notable errors in the prediction results were ob-
served in both models, amounting to 11.0% and 9.5%, respec-
tively. These results appear to be associated with the limitation
of the cross-sectional division method, particularly in shape-
drawing processes with significant reduction ratios. This ap-
proach fundamentally assumes that the material in each element
flows primarily in the radial direction, similar to an axisymmetric
drawing process. However, because the shape-drawing process
entails a more complex material flow, errors inevitably increase
as the reduction ratio increases. Therefore, further extensive stud-
ies are required to develop a method that effectively applies the
cross-sectional division method to shape drawing processes with
high reduction ratios. In addition, while this study assumed that
the shape-drawing process is performed at room temperature, it
is worth noting that a temperature increase, especially at higher
drawing speeds, can significantly alter the drawing force [16].
Considering that the drawing speed is a critical parameter for
productivity, the impact of the drawing speed on the drawing
force should be considered, which will be the focus of future re-

search.

4. Conclusion

A method for predicting the forming load required to produce
components with arbitrary profiles via a shape-drawing process

was introduced. The principal conclusions are summarized as
follows.

(1) According to the cross-sectional division method, the ini-
tial and final cross-sectional shapes were divided into finite
elements, which were assumed to undergo a deformation
identical to that in the axisymmetric drawing. Subse-
quently, the drawing force for each divided element was es-
timated with Wistreich’s equation to account for the effect
of redundant deformation on the drawing force, which can
be quantified by the redundant work factor ®.

(2) To examine the correlation between the redundant work
factor ® and parameter A, finite element analysis was con-
ducted on a series of axisymmetric drawing processes based
on various combinations of half-die angles and reduction
ratios. Consequently, the relationship between ® and A
could be formulated as ® = 0.37 4+ 0.47A. This linear re-
gression equation was utilized to assess the redundant work
factors for each divided element.

(3) The drawing forces were assessed with the proposed
method and finite element analysis for a multistage drawing
process to create a rectangular product and two drawing
processes to produce hexagonal profiles with different re-
duction ratios (24.6% and 33.4%). Overall, the drawing
forces predicted by the proposed method were in good
agreement with the results of the finite element analysis.
However, a notable error of approximately 10% was ob-
served during the shape-drawing process of a hexagonal
cross-section with a 33.4% reduction ratio. This implies
that the cross-sectional division method may have limited
applicability in predicting the forces for shape-drawing pro-

cesses with high reduction ratios.
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