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Abstract: In this study, a novel tuning method for the resonant frequency of a yo-yo vibrating system is proposed. Because the period 

of the real ocean is continually changing, the tuning capability of resonant wave energy converters is crucial for enhancing the effi-

ciency of electricity production. A variable moment of inertia (VMI) device is first introduced and utilized to change the resonant 

frequency of a yo-yo vibrational energy harvester. Numerical analysis of the VMI device is then performed to determine the influence 

of each VMI parameter, and an experimental setup is constructed and tested. The experimental measurements match the theoretical 

frequencies with an accuracy of 8%. The frequency-tuning range of the experimental model is found to be 11% of the largest resonant 

frequency at the lowest position of the VMI device. The results show that the proposed method is applicable to wave energy harvesting. 
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1. Introduction 

Wave energy is a type of marine energy that primarily exists 

on the sea surface. It is reported that 2000 TWh of electricity can 

be produced annually after the commercial development of wave 

power generation [1]. Among the wave energy technologies, os-

cillating body or moving body wave energy converters (WECs) 

have the largest number of prototypes. These converters utilize a 

floating or submerged buoy that moves relative to the wave input. 

State-of-the-art oscillating body WEC technologies for maxim-

izing the harvested energy can be found in [2]. In an oscillating 

body WEC, two resonant phenomena exist: resonance of the 

buoy caused by the wave input and that of the inner vibrating 

system due to the buoy motion. The former has been actively in-

vestigated and applied in many prototypes, whereas the latter has 

remained in the research stage. Choi and Kweon [3], Cho et al. 

[4], and Han and Lee [5] proposed the concept and conducted a  

numerical study of a resonant WEC with inner vibrating sys-

tems. The yo-yo vibrational energy harvester was first proposed 

by Jang et al. [6]. It can convert the translational displacement of 

the proof mass into rotational displacement of the reel, and its 

resonant frequency can be varied by changing the radius of the 

reel. It is advantageous for low-frequency vibrational energy har-

vesting, such as sea-wave oscillations. A detailed study of the yo-

yo vibrational energy harvester applied to a WEC can be found 

in [7].  

Because the wave period varies consistently, the tuning capa-

bility of a resonant WEC with an inner vibrating system to the 

input wave frequency is crucial for its efficiency. In this study, 

we proposed a geometrical frequency-tuning method using a var-

iable moment of inertia (VMI) device. The proposed device was 

investigated by numerical calculations and verified experimen-

tally. 

 

2. Yo-yo vibrational energy harvester with VMI 

2.1 Modeling 

A schematic of the yo-yo vibrating system is illustrated in Fig-

ure 1. The proof mass and spring are connected to the reels by 

wires, and the translating motions of the proof mass and spring 

are converted to rotation of the reels. The radii of the reels are 

denoted as 𝑟   and 𝑟  , respectively. When the stiffness of the 

spring is 𝑘 and the proof mass is 𝑚, the impedances of the trans-

lating and rotating parts can be respectively given by 

= 𝑗𝜔                                                                                (1a) 

= + 𝑐 + 𝑗𝜔𝐽                                   (1b) 
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Figure 1: Schematic of the proposed yo-yo vibrational energy 

harvester with a variable moment of inertia device 

where 𝐹 and 𝑉 are the excitation force on the proof mass and its 

velocity, respectively; 𝜏 and Ω are the torque applied to the reel 

axis and its rotational velocity, respectively; 𝑐 is the damping co-

efficient; 𝐽 is the integrated moment of inertia of the rotating part; 

and 𝜔  is the base excitation frequency. Because 𝜏 = 𝑟 𝐹  and 

𝑉 = 𝑟 Ω, the impedance in Equation (1a) can be expressed as 

= 𝑟 = 𝑗𝜔𝑚𝑟  (2) 

The total impedance of the system can be obtained from the 

parallel connection of Equations (1b) and (2), as follows: 

= + 𝑐 + 𝑗𝜔𝐽 + 𝑗𝜔𝑚𝑟  (3) 

When the amplitude of the excitation is 𝑌 , the excitation 

torque at the proof mass is τ = −𝑚𝑟 𝑌𝜔 𝑠𝑖𝑛𝜔𝑡. Substituting it 

to Equation (3), the rotating speed of the reel can be expressed 

as follows: 

|𝛺| =
( )

 (4) 

The undamped resonant frequency 𝑓  in which the rotating 

speed reaches its maximum value can be obtained from the 

denominator of Equation (4): 

𝑓 = =  (5) 

where 𝑇 is the period and 𝛾 = 𝑟 𝑟⁄ . The resonant frequency of 

the yo-yo vibrating system can be modulated via a geometric pa-

rameter 𝛾  and the stiffness-to-mass ratio. 

2.2 VMI 

The resonant frequency in Equation (5) can be further modi-

fied using the integrated moment of inertia of rotating part 𝐽. The 

VMI device, as shown in Figure 1, can be realized. Three auxil-

iary masses 𝑚   are attached to the mass reel. When their dis-

tances 𝜌 from the center are identical, the integrated moment of 

inertia can be rewritten as  

𝐽 = 𝐽 + ∑ 𝑚 , 𝜌   (6) 

where 𝑛 is the number of auxiliary masses and 𝐽  is the moment of 

inertia of the reel assembly. The resonant frequency with VMI can 

then be derived from Equation (5) by substituting Equation (6): 

𝑓 =
∑ ,

 (7) 

where 𝑛 is the total number of auxiliary masses and 𝛾 = 𝜌 𝑟⁄ . 

In Equation (7), the resonant frequency can vary with the geo-

metric parameter 𝛾 . In field applications, it is difficult to change 

the resonant frequency from the constituent parameters, that is, 

𝑚, 𝑘, and the ratio of the two reels, 𝛾 . Thus, the introduction of 

a VMI device can be a good choice for tuning of resonant wave 

power generators. 

2.3 Property 

The performance of the VMI device can be measured by using 

the ratio of the two resonant frequencies of the yo-yo vibrating 

system with and without VMI. For simplicity, let 𝐽 = 0, which 

yields 

=  (8) 

where μ =
∑ , . Figure 2 illustrates the frequency ratios for

μ and 𝛾 , which show that the resonant frequency can be reduced 
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when both the total mass of the auxiliary masses and distance 

ρ increase. In Figure 2, the frequency ratio variance of the mass 

ratio decreases slightly when μ changes from 0.1 to 0.5, whereas 

that of 𝛾  increases when 𝛾  changes from 0 to 1. Thus, geomet-

rical tuning by manipulating the distance between auxiliary 

masses is more efficient for the VMI device. 

3. Experiment

3.1 Implementation 

A yo-yo vibrating system with a VMI device was fabricated, 

as shown in Figure 3. Iron wires are wound around the reels and 

connected to the spring and proof mass, respectively. The two 

reels are fixed to the shaft and their rotational displacements are 

recorded by an encoder (AUTONICS E50S8-100-3-T-1). The 

physical parameters of the experimental setup are listed in Ta-

ble 1. The implementation of the VMI is shown in Figure 4. 

Three auxiliary masses are attached to the mass reel at three po-

sitions. The distance ratios (𝛾 ) are 0.32, 0.60, and 0.89. The res-

onant frequencies were then calculated as 0.65, 0.62, and 0.58 Hz 

for the three positions of the VMI device based on the parameters 

in Table 1 using Equation (7). These frequencies correspond to 

the periods of 1.56, 1.61, and 1.72 s, which are often found in  

shallow seas. This result also shows that the maximum frequency 

change is 10.7% of the largest resonant frequency at the lowest 

position of the VMI device. 

Table 1: Physical parameters 

Parameter Symbol Value Notes 

Mass of the 
Proof mass 

𝑚 15.75 kg Measured 

Radius of the 
mass reel 

𝑟  0.155 m Measured 

Radius of the 
spring reel 

𝑟  0.050 m Measured 

Moment of iner-
tia of reels 

𝐽  
0.02558 
kg · m  

Obtained from CAD 
software 

Stiffness of 
spring 

𝑘 2800 N m⁄  
Obtained from manu-

facturer 

Auxiliary mass 𝑚  2.1 kg Measured 

3.2 Experimental validation 

To determine the resonant frequency of the yo-yo vibrating 

system with VMI, we pulled and released the proof mass. The 

vibrational motions of the reels were recorded for 30 s by the 

encoder and PXI system of National Instruments. The experi-

mental results are shown in Figure 5. The measured frequencies  

Figure 3: Experimental setup: (a) front view and (b) top view 

Figure 4: Three positions of auxiliary masses 

Figure 5: Rotation angle responses from free vibration tests: (a) 

ρ = 50 mm (b) ρ = 93 mm (c) ρ = 137.5 mm 
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obtained from the numbers of oscillations divided by the elapsed 

times are 0.61, 0.57, and 0.54 Hz, respectively, when the dis-

tances are 50, 93, and 137.5 mm. The differences between the 

numerical calculations are 6, 8, and 7%, respectively. These er-

rors are attributed to the inertias of the neglected parts, for exam-

ple, wires, and enlargement of the effective radius of the reels 

owing to the winding. The frequency change range from the ex-

periment is 11.5%, which is similar to that of the numerical cal-

culation.  

4. Conclusion

In this study, we introduced a frequency-tuning device for the 

yo-yo vibrational energy harvester. The proposed device can 

change the resonant frequency by 11% from the original value. 

The device performance and properties were also studied. The 

proposed device can be a practical solution for tuning resonant 

WECs. 
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