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Design of stabilizing controller for second-order time-delay system
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Abstract: In this paper, we propose the stability conditions for a second-order time-delay system using the Lambert W function.
Oscillation and non-oscillation criteria for a second-order delay differential equation were obtained by defining two functions
and using their graphical properties. The stability conditions were derived based on the non-oscillation criteria. Oscillation or
unstable systems can be asymptotically stabilized by static state feedback, in which the feedback gain is easily determined.
Finally, the effectiveness and merits of the proposed approach were demonstrated through numerical examples.

Keywords: Time-delay system, Stability, Lambert W function, State feedback control

1. A& A Q%3 0% 2708 DDE © 549 votelst 4
23 AR, RES 5 W Fofo| A A]xElo] A7t T ar® & g otk dubH o DDEC & s Her
AL zhe njEug A o2 gHAETHI-E]. A7 <A T w9 oS YA EH HRlEE S EE da
o] A & ¥d2(DDE, Delay Differential Equation)-o- T 2AE e Ak 2ws] Ao shohs). 9l
2 2dgd o 29 57d(transcendental characteristics)ll AAAS 2h= 5578 Y ele] DDE= Lambert W 9=
°]3] DDEE 7423 B 142 7}4 #nt ohg} A7t ol-g3ste] siE s Hom & 4= AARHY, Bt Hie
AQdo] gt vA = dFe mesor s o= A~ 370l Newton Raphson ¥ o]t} Halley NF5H & 4]
9 NS ol @k ek AR Ao Qi Alsple)  SEERE ES TREMOL
OHAE A BAl 29 AT FARA BE AT} 3 AZE A Al z=glo] 7R S Sl A Tl dalA
A7 A& 0w AaE]o] ShrHdl-[6]. A7 XA A]2E [aellA & Ak A &S F3detar ol 24k ARE A
of gk F4d = 342 Lyapunov-Krasovskii HEE ©o]& A Al=sel s S8R e Asvh 54 2449 54
= W Fals e v Ho] Fr A ET AR F AT S WSk S A9l A Aol EA8t
2 AY PY e g2 I B A4 T, T I a2 ATl H9-S 29E FIA Hol A Polya-Szego]
AEle] TGS FEl AHER wu o 2] Aquqx_qg BAEAE o1&t 72 ¢ AES Bt 24k AIRA A
2 Axkeke] A e Moz F3 Fx gk Alz=Ele] AT AAE B, [12]94= AIEA A Al 289
DDEZF A& 24 %31¥ 2%(Oscillation) 31z, shp W8 7HAlol EAIE A Lambert W g o] 8-5he]
ool AS 7HAW 1] ZE(Nonoscillation) ] TH7]. wHk e A WHRA o ok WS A ST 22F Al

T Corresponding Author (ORCID: https://orcid.org/0000-0003-1038-7694): Associate Professor, Department of Mechanical System Engineering,
Gyeongsang National University, 38, Cheondaegukchi-gil, Gyeongsangnam-do, 53064, Korea, E-mail: kimbs@gnu.ac.kr, Tel: 055-772-9101

1 Professor, Department of Application Robotics, Kyungil University, E-mail: swbae@kiu.ac.kr, Tel: 053-600-4058

2 Associate Professor, Department of Mechanical System Engineering, Gyeongsang National University, E-mail: wjdgusl81@gnu.ac.kr, Tel: 055-772-9107

3 Associate Professor, Department of Mechanical System Engineering, Gyeongsang National University, E-mail: jkwon@gnu.ac.kr, Tel: 055-772-9102

4 Associate Professor, Department of Mechanical System Engineering, Gyeongsang National University, E-mail: younhulje@gnu.ac.kr, Tel: 055-772-9103

This is an Open Access article distributed under the terms of the Creative Commons Attribution Non-Commercial License (http:/creativecommons.org/licenses/by-nc/3.0), which permits
unrestricted non-commercial use, distribution, and reproduction in any medium, provided the original work is properly cited.

Copyright © The Korean Society of Marine Engineering



ik 2z
S Sl WA Al 3= (Semisubmersible system
Rig)oll A 22k AIZE A Ao g mElsle F ZERoll

vibration) A& o]4F8K(Semi-discretization) WHS ©]-&

sto] MHEE B TH15].

2 AFdAE AZE Ao UE 2 2 AR EAS

BA8FaL Al 2=HS QP S 7] = A7 E A 23
T e A e AR A BRE g

2 e A9t How v EEHS VM 21 s
Lambert W =5 o]&3lA T3, 7 359 wxf of F
2718 FFoEA AZE XA 2 2 A|2=He A, v ZlE
278 Fe) aga Alz=go] HEE w 2o A7}
Eayye] st e X 218 AA S
Aojd T sk wabge] A EAdWA A sef U
StE R, WAFE-S Lambert W S5 o] &34 2HEo
A R e BEoryg A AES okys) & 4

2 32

AR AN/1E AAT 5 A& BTh B A
2 AMHoR TF & Yt YU AT
<]

T2 A FellAM At W] a8Ads

rr
O ox
R = R

=
=

o

=

>

B2 —

o

x(t) +az(t) +bx(t) +ex(t—7) =0 @)

ANA a,b,cER, TERTOITE 7N RS A RTE 9
o] AFE EA A (9] S AAA 17 A

T Fgog vEh} vy

114
22 & th&2)(quasi-polynomial)

o= FAwh
p(s)=s*+as+b+ce ™ =0 )
4714 s=a+js, a,fERCIH. & TR (29 FHi=
aekAR, Aol Tg 249 Fo] Bad BN T
el & ZHA gk
et el 4 f(s).9(s) & Befdth
fls)=s*+tas+ce ™ 3)
g(s)=—b “)

T el b B4

-l}xl (Z)Q— 2},

ulA el z Yoy sts]x 4438 A75(2019.9)

p(s)=f(s)—g(s) ®)
webr] 7 4 f(s),g(s) 2] L F(intersection points)> 5
A @9 siet Fdsitt
Lambert W & W(z) = ye! =2,2€C o] 9FF=Z 4
o] U 54 o8] Te} 2ol F4d we v}
A](branch)E Z+=TH16].
VVk(Z)E{yEmZ:yey}, kEZ ©6)

0 7} (principal branch) 2} 3},
FIAE ek A v g AelA sel e B

BZAT 1. A 3l c>0 o f(s)E &
convex) $rg=o]th

+%H: WA >0 A5

Z(strictly

2#H&AE A 3)A a>0

o3l ¢>0 oW fleo) =coolth 2L |im f(s)=—
uE f(—o0) =coolth fls)o] Fgke AA £G4
(M= 0 &2 31 v} go] 3.

f(s) =2s+a—cre ™ @)

f(s)ZO & (2s+a)e™ =cr ®)
A @)°) Fwlol Je*E wahd vt g FEw e
4= 9l

(7's+7—2fa)e77"+7 de“w 9)

83t 4 9)9] sl thest ol

A B =R o] dE s, olg 1HEFE #r)d.
1 e T;) a
Sm = W(Te 5 (10

o] elg $- o] Mg dA =

=3
fls, +6)=2s +25+a—rce " " an
A anelA A (s wd
Hs, +8)—fls,) =25—rce ™

A >000W, S Fk 5,0 QEHRAA ] VL7 4

S Zka, §<00]d s



AZE Aol Q= 22k Alwlel gt kst Alo]r] A

ojt), wEbA] s, 0] MY A7l (global minimum) ©]3L s,
S 7lEe R f(s)E ¥ WA =5 7HKstrictly increasing)
st} a8 f(s) o 27 =8k f( ) =24+7ce ™ o|E
2 RE sol dEid e gs sHER f(s)e
a>0,c>09 W &EF FFolth B2 a<0¥ A5
TAFTE 4 (MollA floo) =co o]BE f(o0) =00
w2k f(s)E a<0,c>0 4 W] $ES ghgeo|t},

A @A f0)=a—cr olmZ s=0004¢] f(s) 71&
71= 2 E g 9 AADL >0, >0
o s =004 71&717F ol mzde] 1o oA f(s)
B eEE Fgolng, A q0ew Td89 f(s)o T

S(negative)©| ™, 71717} SolH T3k U(positive)©| T}

R

e

o

A 1. c>02 1 f(s,,) >—b ol BEAEAY (2)9
e = #5(oscialltion) gC},
F: 1A 19 9iM ¢> 0011 f(s)= 5= 3
) >

GrolaL s=s, oM W Haglo] AR f(s,) >—b
o1 A @) A @) Aol EAse] T P WA
2ok SR @ doe A gt

;gal 2. C>0?—__] f(sm) <—b o]u‘i ET’S]HJ@Q (2)3’—
A 3709 Ae zher)

Z9: f(s,)=—0bol" & (3)2] Hxzgkol A @)} 146}

BE Aol EAgT Polya-Szego A7)l w2

B4R 9 A A2 e 38 9A %L_QEE =
SHE7E st 9] g4 T = (algebraic multiplicity): 3
7HA 7Fsatet f(s,,) < —beld 2} (3)9] HAigkol A @)

obelel 9157 w3, A 1o ek 4 @)l =i

% Belnz 4 @ A = A4 wAH 5D
1o 7o) Ag Red.

R 3. v 202 RSN SRR @ 2o 2

< 2HE 2

(i) ¢>0,a>cr

(i) f(s,,) < —b

(iii)) b+c>0

Zr: A 20] WEW c>00]a f(s,) < —b A W E
AARN @ A2 AE 2t 24 )9 a>er o™
2 (3) 2 s=0 oA 7] L77F FFolnRE A (3)9] Hiwe
s=0%1 F9] JZo] YX|g}. b+ce>0 U W, F, —b<c
olW ¢k ool Aut = 3 ) @) wHo] EA)L,

F(s)7) B2 Fgolng T wHe &40t

e 4. v

< 2HE Ze

S S SARAY @)= e A

1) c>0,a<er

SharutA A o] &5t s] %] Al43¢W A|7E(2019.9)

(ii) f(sm)< —b

(i) b+c>0

8: 27 ()M a<erold A 3)E s=0 oA 71L7]
7} ggolne A (3)9] Hughe =039 Fo| S 2% 9

Agey YA g ge 39 EAde

A 5 v 218 wsehd SNAEY 0F 2ol &
5 ZET,

(i) ¢>0,a>cr

(11) f( m)_

(111) b+c>0

Szego el e 2l 39] e FUES 4
YA e 39 59 A4 e,

22 AI2E XIQH0] Us 2
RIO1DI &3

o3t ol Aolglele] gl A 27 AAEE 3
elal 2.4,

27 AIAES0I CHet QrE st

fi(t)+a§c(t)+bx(t)+cz(t*7') =u(t) (13)

o714 a,bER, cE R", re RT3 u(t)E Al Holth
A28 13)S FAEHoZ AN Alo] 8-S T
3} o] Ae] #3toz A )

u(t) = Kz (t) (14)

Aol 4 a9 A a3l g ¥ SAYANE 7
s theh A

pl(s):sz-i-as-l-(b—[()-i-ce*m (15)

2 (15)5 2.1 Aol A9} o] 8= F A £,(s),9,(s) 5
o535 4ol

fl(s) =s’4astce ™ (16)

g,(s) =K—b (17)

el ol Bagw AZeln Easior A A

= 9
il [e]
22El o] %Xéﬂfii, el 33 919 F s o] &sto] o

step 1. ¢>0,a—cr>0 ©°] REHE, 4 (10)22 FF
S, TR

step 2. step 1914 -3t 5 02 & (16)°] AHolH 34 3
fl(sm)

s: +as, +ce " S akaL, Al 3<(Gi), (i) &



LR o e B R

5,) <K—b<c & WA= K A

%’40 e HE o] A 5 vk
A 6. ANHAA A28 A3)1A >0, a>er o] Y

fils, ) Fb< K<c+b (18)
2 WSS 1 EANN AzUe doRen dgst
A7l &9 A F ME 2 sk

SH: 2248 13 A 3-@°l A ¢>0,a>cr ©]

2 s <oor1 54 (18)2> A 3-(i) (i) = RHIkE

24 15 &9 A7 24E A, 952 (5,,0)
Apolell &atar F HA SETL (2s,,5,) T U] 914
gheh. el A 3<Gi), Giol QIS A 252 a8)oll A A
@ ctb = R f(s,) b B @Y A0 ke @
=A@,

F1 1. A 6N K= BS54 18) 7k 7 g,
K=(f(s,)+c+2b)/2 2 oz AL ¢ o

Iy

A 7. A A28 A3l ¢>0, a>er o] A
0}\_, :f(sm)+b o }\]/\Eﬂ (13)0 x41x4 o7 }x §}
A2t

FH: B4y 13 Ay 5ol webA, A as)elA
b—K=—f,(s,) 01 AZAA A28 13)& s=s, <0
oA AE ztow

3} AJZIe

of Aze AzYe HaHoR oy

Fa 2. A 7oA Skt K= Al=E) geprlE el ot
gafxivh Fo1xl gehulE ghe WAste] sk HH/‘?]
£ 371 $18A= 4 (10)o14] Lambert W §H2] < §H
o] gallM Fafof sht o= HA Sk

A 8. AZF Aol E3FE Ao Yol A= A 19
BE 22k A arEsRak

2(t) +ax(t) +bx(t) =u(t) (19)

o714 aERTDE R o|t}h. 22, (iyE W3t Alo] §
2 ou(t) = Ka(t) + Kz (t—7) & A28 195 d28ow
FFAII T

>i) —a/T< K, <0

(i) f,(s,) < K —b<—K,
o714 >0, s, = 1/7W(— Ky7/2¢"?) —a/2 ©] 31
fo(s,) =s>+as, —Ke " o]t}

H: 4y 5ol wEbA, A 19)7F o] A2S 2] Sl

SharutA A o] &5t s] %] Al43¢W A|7E(2019.9)

A - A

b

Me K, <003 K, >—a/TE WEIof gl wg
a>0,7> OO]UE A ()9 F-52o A Aet ke shakak
HU} Gu8 REAS wEAYE KE A A% =
A (@ellA ?611{1 K,E ol&alM A 59 (i) 9 (i) S ©l
gabd =4 (i) 7F 47 PRk w24 ), ()E
Sohul AlzE (19) oo A 2 NE T, Az
Aoz oA st

a3 A4l glld Kok K= A7 e Sk
Ky =—a/(27), K, = (fo(s,) — K, +2b) /22 44T 5= 9}

o 2

o 1 ok 2 AR A9 A 2ES weskA),
z(t) +10.92(t) — 14z (t) +10.52 (t—7) = u(t) (20)

4 @0yl A ult) =0
e,

s2+10.9s—14+10.5¢ ™ =0 1)

A @)ol A AzF K glo] o] 9o m x| FaFL
71 <1el 77}03 0.6, 0.8 4 we] & Fx H b 9]

17} 2o,

2} AR HalA 54 WA A Bagu ol
o] 9} oltk. ga14 A

-4.82793, -3.77098 = AAF o 2z} 7

Table 2014 & = Ql5zo] Ao =& Al2=glof] 173
S u AxEle] H9E & 7M7) -1.3014, -0.3887, -0.1476
o|aL F WA = & -32622, -0.9757, -0.377 1™ Z+ 73%-
oA 4 (10) L2 Fo7 5, & -2.30509, -0.688574, -0.263676

=2 e web e 6 oot Zo] H9S <3 F W
A $-= o] 2zt 7 (s,,0)8F (2s,,,s,,) Akl 91213

~

Figure 12> 27] & 2(t) =—1,—7<t<0 o disir
Ao} AHE A7t W) A A=A, Wik A4, o)
S, AL A AHL A2 77103, 06, 0.8 o SiEE

z(t) +5.92(t) + 4z (¢) +2.52(t—0.7) =u(t) (22)

A @2) oA Aol o
QPMRE 3% o,



—4.9130 £ 8.35517

PN
g 4= 9]

TuE we

A3k

olth. H7 75 ol
o715 AAT u 4 102 Fol
A3, Ao] o5
o] Alo] g8 7S o
(22)9] +& QPmR=E oMW, - 27l &

Z-=T}. Figure 2 (a) <} Figure 2 (b)°ﬂ Al 25

Ade] &= 23t

A A A A
s 2 -1.08281% -

m

K=4.11873 & 7ro] 3413

o7 T+
=] }\])\Eﬂ

< -1.08281 =

/\]7

@2)°llA Aot e] gl& weob flolA AT Aot &

A7ME w A=

Table 1:

Roots of the characteristic

7=0.3,7=0.6,7=0.8

W RES Ehelt,

equation (21) for

-12.4200+18.7945i
-17.1031+40.0440i
-17.1031-40.0440i

7=0.3 7=0.6 7=0.8
0.4187 + 0.0i 0.5705 - 0.0i 0.6842 - 0.01
-4.7116 - 0.0i -1.7507 - 0.0i -1.0519 - 0.0i
-12.4200-18.7945i1 | -4.5207+10.6817i | -2.9845+ 8.3124i

-4.5207-10.68171
-6.3620+20.8113i
-6.3620-20.8113i

-2.9845- 8.3124i
-4.1778+15.87851
-4.1778-15.87851

Table 2: Roots of the

time delayed system

with state feedback

-12.3360-18.7651
-17.0835+40.0371
-17.0835-40.03571

7=0.3 7=0.6 7=0.8
-1.3014 + 0.0i -0.3887 - 0.0i -0.1476 - 0.01
-3.2622 + 0.0i -0.9757 + 0.0i -0.3770 - 0.0i
-12.3360+18.76541 | -4.4740+10.69901 | -2.9503+8.3339i

-4.4740-10.6990i
-6.3451-20.8124i
-6.3451+20.81241

-2.9503-8.3339i
-4.1627-15.8827i
-4.1627+15.88271

State trajectories
T

0.5

T
7=03K=-10.9768
7=06K=-48279
T=08K=-3771

.
10 15 20
time t

25 30

Figure 1: The state trajectories of the time-delay system (20)

with a state feedback controller.
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Figure 3: The state trajectories of the second order system

(23) with a time-delay feedback controller
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