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            Abstract
          
        

        
          In response to the International Maritime Organization’s (IMO) strengthened marine environmental regulations and the trend of high oil prices, newly built ships are increasingly adopting eco-friendly technologies. Large vessels engaged in international navigation typically employ dual-fuel diesel engines based on low-carbon or zero-carbon fuels, while small vessels operating mainly in coastal waters utilize electric propulsion systems powered by batteries. To optimize the performance of propellers, which are more efficient at low rotational speeds, these systems often incorporate reduction gears. The integration of reduction gears necessitates careful shaft alignment to prevent quality issues such as misalignment-induced bearing damage. While classification societies generally do not mandate shaft alignment analysis for propeller shafts with diameters under 400 mm, they recommend evaluating the bearing reaction forces of reduction gear shafts during the design phase to ensure reliability.

          This study investigates the static and dynamic alignment characteristics of propulsion shafting systems equipped with reduction gears in small electric propulsion vessels. Key findings highlight the impact of dynamic loads on bearing reaction forces and the need for adjustments to maintain alignment under varying conditions. An optimal alignment configuration is proposed to enhance design stability, thereby contributing to safer and more efficient propulsion systems for small vessels.
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      1. Introduction
      With the International Maritime Organization's (hereafter IMO) reinforced marine environmental regulations and the pro-longed era of high fuel prices, newly constructed ships are increasingly required to adopt eco-friendly technologies that can reduce greenhouse gas emissions. Large ships engaged primarily in international navigation are adopting dual-fuel diesel engines using low-carbon or zero-carbon fuels [1], while small ships operating in coastal waters are employing electric propulsion systems based on electric batteries [2][4].

      Electric propulsion systems offer significant advantages, including high torque at low loads, improved propulsion efficiency, reduced fuel costs, and lower maintenance expenses, making them highly advantageous in reducing vessel operating costs. However, to optimize the characteristics of propellers, which achieve higher efficiency at lower rotational speeds, a reduction gearbox must be installed.

      From the perspective of shaft alignment, propulsion shafting systems equipped with reduction gearboxes require more precise shaft alignment than traditional propulsion systems where the engine and propeller are directly connected. During operation, the torque generated by the propulsion engine is converted according to the reduction ratio and transmitted at high torque with low rotational speed. This torque is delivered through the gear teeth of the reduction gearbox. Poor alignment of the gear wheel shaft can lead to excessive gear tooth loads, causing reduced safety margins and potential damage such as pitting [5].

      Generally, for the propeller shaft with a diameter of 300mm or less, international classification societies do not require the shaft alignment analysis. However, for propulsion shafting systems with reduction gearboxes, it is recommended to evaluate the reaction forces on the bearings supporting the gearbox shafts during the design phase to prevent quality issues arising from misalignment [6].

      The issue of shaft bearing damage caused by misalignment in propulsion shaft systems was first observed in U.S. Navy vessels in the 1950s. Since then, active research by shipyards and classification societies has led to the development of shaft alignment analysis methods applicable to ships [7][11]. Recent shaft alignment problems have predominantly occurred in large and high-powered vessels due to increased rigidity of the propulsion shafts, often resulting in damage to the afterward stern tube bearings. Consequently, classification society regulations on propulsion shafting systems primarily focus on the safe design of stern tube bearings [12].

      In contrast, smaller vessels, such as passenger ships, work-boats, and small cargo vessels operating in coastal waters, commonly employ high-speed engines or electric motors for propulsion, necessitating the use of reduction gearboxes. These vessels typically use single-stage gear reduction gearboxes, with propeller shaft diameters designed to be less than 400mm. As a result, shaft alignment analysis is not mandated, and the shaft installation is typically conducted in a straight configuration.

       Sun et al. performed a shaft alignment analysis on a 500-ton high-speed patrol vessel, demonstrating that misaligned shafts posed more significant issues at the fore bearings of the reduction gearbox than at the aft bearings. They emphasized the need for propulsion shaft analysis considering the stiffness of stern tube bearings to ensure the stability of the reduction gearbox [12]. Kim et al. compared the flexibility characteristics of shaft systems with twin stern tube bearings supporting the propeller shaft and evaluated changes in flexibility and transverse vibration characteristics in a 50,000-ton product tanker with a single stern tube bearing. Furthermore, they analyzed the effects of intermediate bearing placement on shaft alignment and transverse vibration to propose an optimal shaft system layout that avoids transverse vibration resonance and ensures shaft flexibility in ships equipped with single stern tube bearings [13].

      This study focuses on the shaft alignment analysis of small electric propulsion vessels equipped with reduction gearboxes, examining the alignment characteristics influenced by the application of reduction gearboxes. Based on the results, this paper proposes an optimal propulsion shaft system layout that incorporates static and dynamic loads of the reduction gearbox and the characteristics of gear shaft support bearings, thereby enhancing the design stability of propulsion shaft systems.

    

    

  
    
      2. Methodology for the Shaft Alignment Analysis
      
        2.1 Theoretical basis for the shaft alignment analysis
        Several theoretical approaches are available for analyzing bearing reaction forces in the shaft alignment, including the three-moment method, transfer matrix method, and matrix structural analysis method (finite element method) [5]-[6][10][14]-[16]. In this study, the matrix structural analysis method, which is widely used for analyzing complex structures, was employed.

        In general, the shafting system can be considered as a non-uniform beam subjected to lateral loads and moments. As illustrated in Figure. 1, the beam is discretized into infinitesimal segments. For each segment, the stiffness matrix, external force vector, and other properties are computed. By applying the beam's nodal equations, the relationship for the system is expressed as shown in Equation (1).
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            Non-uniform section beam
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        The first vector on the right-hand side represents the external forces acting on the nodes, while the second vector collects the fixed-end sectional forces of each element, where the intermediate forces acting on the elements are converted into nodal loads. The coefficient matrix on the left-hand side corresponds to the global stiffness matrix of the entire beam. By solving Equation (1) for UP1 to UP4, the displacements at each node can be determined. To simplify, Equation (1) can be expressed as Equation (2). Rearranging by transposing the sectional force vector f to the left-hand side yields Equation (3).

        
          
            
              	
                
                  
                    K
                    U
                    =
                    P
                    -
                    f
                  
                
              
              	
                (2) 
				
              
            

          

        

        
          
            
              	
                
                  
                    P
                    =
                    K
                    U
                    +
                    f
                  
                
              
              	
                (3) 
				
              
            

          

        

        Here, the inverse of the stiffness matrix K is referred to as the flexibility matrix. Multiplying both sides of Equation (3) by the flexibility matrix yields Equation (4). Using Equation (4), the displacements at each node can be calculated. Since the reaction forces at the support bearings are considered external forces, they are included in the P term. By substituting the results from Equation (4) into Equation (3), the unknown reaction forces at the specified points can be determined.
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         Additionally, the reaction influence coefficient represents the change in support loads (reaction forces) at each bearing due to the vertical movement of an adjacent bearing by 1.0 mm. In other words, lowering the height of one bearing increases the load on the adjacent bearings, and this process continues until the changes become negligible. This indicates that every bearing in the system exhibits a load influence coefficient when its height is either lowered or raised by a unit amount. Therefore, a large influence coefficient signifies that the shaft system is highly sensitive to alignment errors. The relationship between the reaction forces and the influence coefficients can be expressed using the concept of a matrix, as shown in Equation (5).
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        Therefore, the state analysis of the shaft system involves dividing the shaft system into a finite number of arbitrary elements and calculating the stiffness matrix for each element. These matrices are then combined to construct the global stiffness matrix for the entire shaft system. Next, the load at each point is calculated by displacing each bearing position downward by a unit height (1 mm), and the differences between these values and the baseline height (where all bearings are maintained at the same level) are used to calculate the Reaction Influence Number (hereafter RIN). Using these influence coefficients, the bearing loads for various changes in bearing height are calculated, and the optimal heights that keep these loads within allowable limits are determined. Additionally, the bending moments and shear forces at each node are computed, and the resulting stresses are evaluated.

      

      
        2.2 Alignment Analysis for the Propulsion Shafting System
        This section examines the boundary conditions and factors influencing the analysis to simplify the complex shaft system considered during propulsion shaft alignment.

        
          2.2.1 Basic assumptions
          The reference line for propulsion shaft alignment is defined as the point passing through the center of the aft stern tube bearing, which is the closest to the propeller. For low-draft vessels, such as the one in this study, the reference point is set at the aft strut bearing (or Y-strut bearing). Additionally, the line connecting the center points of the Y-thrust bearing and the stern tube bearing (or I-strut bearing) is used as the reference line.

          For the reaction support points of the bearings, the aft stern tube bearing, which is the closest to the propeller, has different effective support points depending on the static or dynamic state. In the static state, the effective support point is assumed to be at L/4 from the aft end of the Y-strut bearing, while in the dynamic state, it is assumed to be at L/3 from the aft end of the Y-strut bearing. For all other bearings, the effective support point is set at L/2. Here, L represents the length of the bearing.

          The support stiffness of the bearings is assumed to be infinite. The shaft deflection and bearing offset are considered positive (+) when positioned above the reference line, while external forces are considered positive (+) when acting downward from above the reference line. Additionally, the hydrodynamic load of the propeller is considered to generate a positive (+) moment when it rotates in a direction that lifts the aft end of the propeller upward.

        

        
          2.2.2 Loads and boundary condition
          Table 1 presents the fundamental material properties applied for the propulsion shaft alignment analysis, while Tables 2 and 3 show the external forces acting on the propulsion shaft system of the studied vessel. The propeller weight is considered as an external force in the static state, with its value varying depending on the degree of submersion. In the dynamic state, the propeller hydrodynamic forces are accounted for, based on DNV classification society standards [17].

          
            Table 1 
				
            

            
              Material properties for the shaft alignment analysis
            
            

          

          
            
              
                	Condition
                	Density
              

            
            
              	Air
              	7,850 kg/m3
            

            
              	Sea water
              	6,825 kg/m3
            

            
              	Lubricating oil
              	7,000 kg/m3
            

          

          

          
            Table 2 
				
            

            
              External loads at the static condition
            
            

          

          
            
              
                	Items
                	Force
              

            
            
              	Propeller
              	100% immersion
              	2,088.9 N
            

            
              	75% immersion
              	2,167.3 N
            

            
              	50% immersion
              	2,245.7 N
            

            
              	0% immersion
              	2,402.6 N
            

            
              	Gear wheel
              	21,107.6 N/m
            

          

          

          
            Table 3 
				
            

            
              External loads at the dynamic condition
            
            

          

          
            
              
                	Items
                	Force
              

            
            
              	Propeller
              	Downward (-5%)
              	422.6 Nm
            

            
              	Upward (+40%)
              	3,381.1 Nm
            

            
              	Gear wheel
              	114,031.6 N/m
            

          

          

          Table 4 presents the criteria for the alignment analysis of the propulsion shafting system. Upon review, it is observed that the pressure on the aft stern tube bearing, based on the projected area of the white metal bearing, must not exceed 0.8 MPa under any circumstances [5,17]. However, for the research vessel, Thordon bearings are used, and the manufacturer's recommended limit of 0.55 MPa is applied. Similarly, for the roller bearings supporting the gearbox shaft, the manufacturer's recommended values are also adopted [18]-[19].

          
            Table 4 
				
            

            
              Design criteria of each bearing load & pressure
            
            

          

          
            
              
                	Items
                	Value
              

            
            
              	Y-strut bearing (Thordon)
              	37,180 N / 0.55 MPa
            

            
              	Stern tube bearing (Thordon)
              	27,500 N / 0.55 MPa
            

            
              	Reduction gear (Aftward)
              	420,000 N / -
            

            
              	Reduction gear (Forward)
              	691,000 N / -
            

          

          

        

      

    

    

  
    
      3. Analysis Results and Discussion
      Figure 2 illustrates the general arrangement of the vessel under study, while Table 5 provides the specifications of the propulsion shafting system. Upon review, the vessel adopts a 320 kW large electric motor as its propulsion engine, with a single-stage reduction gearbox (reduction ratio: 4.95) installed at the rear of the propulsion motor. The propeller achieves maximum output at 361.6 rpm through the reduction gearbox. The propeller has four blades with a diameter of 1.6 m and a total weight of 245 kg, including the propeller cap. The propeller shaft has a diameter ranging from 125 mm to 130 mm and a length of 5,805 mm. Additionally, the intermediate shaft has a diameter of 110 mm and a length of 900 mm.

      
        
        

        Figure 2 
				
        

        
          Arrangement of the propulsion shafting system
        
        

        

      

      
        Table 5 
				
        

        
          Specifications of the propulsion shafting system
        
        

      

      
        
          
            	Items
            	Content
          

        
        
          	Vessel type
          	1.2MW ammonia anchor handling vessel
        

        
          	Propulsion engine
          	Type
          	Electric motor
        

        
          	MCR / rpm
          	320kW / 1,790rpm
        

        
          	Reduction gear
          	Model
          	DMT460NC
        

        
          	Gear ratio
          	4.95
        

        
          	Propeller Shaft (Dia. / Length)
          	125mm / 5,805mm
        

        
          	Inter. Shaft (Dia. / Length)
          	110mm / 900mm
        

        
          	Propeller
          	Blade No.
          	4
        

        
          	Diameter
          	1,600mm
        

        
          	Weight
          	245kg
        

      

      

      The types of bearings supporting the propulsion shafting system are as follows: the propeller shaft is supported by the Y-strut bearing and the stern tube bearing, both of which are Thordon bearings based on seawater lubrication. The gearwheel shaft of the reduction gearbox is equipped with tapered roller bearings, which are designed to withstand both axial and radial loads simultaneously.

      
        3.1 Analysis Results of the Shaft Alignment in a Straight Shaft Condition
        Figure 3 and Tables 6-9 present the analysis results of the shaft alignment in a straight configuration. In this analysis, the propulsion shafting system is assumed to be supported with infinite stiffness. Upon review, it is observed that the load on all bearings in the static state is below the standard values specified by the classification society. However, the reaction force of the forward-side bearing of the reduction gear shows a negative value(-). Additionally, when the propeller bending moment acts below the reference line, the load on the forward bearing of the reduction gearbox is as low as 22.7 N. In the design stage of the propulsion shafting system, it is essential to ensure that the reaction forces of all supporting bearings are positive (+). However, in the case of the research vessel, the negative (-) reaction force of the forward bearing of the reduction gearbox indicates that the shaft system's arrangement may not be optimal. Regarding the shaft bending moment, when the propeller bending moment acts below the reference line, the maximum bending moment of 2,757.7 Nm occurs at the Y-strut bearing. This is because the Y-strut bearing is the closest support to the heavy propeller.

        
          
          

          Figure 3 
				
          

          
            Deflection curve at the straight shaft condition
          
          

          

        

        
          Table 6 
				
          

          
            Bearing loads at the straight shaft condition
          
          

        

        
          
            
              	
              	Bearing load (N)
            

            
              	Static condition
              	Dynamic condition
            

            
              	0% immersion
              	100% immersion
              	Downward
(-5%)
              	Upward
(+40%)
            

          
          
            	Y-strut bearing
            	5,162.3
            	4,485.6
            	4,987.7
            	3,456.1
          

          
            	Stern tube bearing
            	4,000.2
            	3,471.2
            	2,490.7
            	5,547.9
          

          
            	R/G bearing (AFT)
            	2,859.1
            	3,251.0
            	9,956.4
            	4,718.5
          

          
            	R/G bearing (FWD)
            	-306.6
            	-592.0
            	22.7
            	3,835.1
          

        

        

        
          Table 7 
				
          

          
            Bending moments at the straight shaft condition
          
          

        

        
          
            
              	
              	Bending moment (Nm)
            

            
              	Static condition
              	Dynamic condition
            

            
              	0% immersion
              	100% immersion
              	Downward
(-5%)
              	Upward
(+40%)
            

          
          
            	Y-strut bearing
            	1,479.9
            	1,286.6
            	2,757.7
            	-1,981.0
          

          
            	Stern tube bearing
            	1,246.5
            	1,094.4
            	497.0
            	2,309.3
          

          
            	R/G bearing (AFT)
            	149.3
            	217.8
            	535.5
            	-379.5
          

          
            	R/G bearing (FWD)
            	0.0
            	0.0
            	0.0
            	0.0
          

        

        

        
          Table 8 
				
          

          
            Reaction influence number at the static condition
            (Unit: N/mm)

          
          

        

        
          
            
              	
              	Y-strut bearing
              	Stern tube bearing
              	R/G bearing (AFT)
              	R/G bearing (FWD)
            

          
          
            	Y-strut bearing
            	71.0
            	-313.3
            	889.0
            	-647.0
          

          
            	Stern tube bearing
            	-313.0
            	2,322.0
            	-12,381.0
            	10,372.0
          

          
            	R/G bearing (AFT)
            	889.0
            	-12,381.0
            	87,078.0
            	-75,587.0
          

          
            	R/G bearing (FWD)
            	-647.0
            	10,372.0
            	-75,587.0
            	65,862.0
          

        

        

        
          Table 9 
				
          

          
            Reaction influence number at the dynamic condition
            (Unit: N/mm)

          
          

        

        
          
            
              	
              	Y-strut bearing
              	Stern tube bearing
              	R/G bearing (AFT)
              	R/G bearing (FWD)
            

          
          
            	Y-strut bearing
            	73.0
            	-320.0
            	905.0
            	-659.0
          

          
            	Stern tube bearing
            	-320.0
            	2,339.0
            	-12,420.0
            	10,400.0
          

          
            	R/G bearing (AFT)
            	905.0
            	-12,420.0
            	87,164.0
            	-75,649.0
          

          
            	R/G bearing (FWD)
            	-659.0
            	10,400.0
            	-75,649.0
            	65,908.0
          

        

        

        The analysis of the Reaction Influence Number (hereafter RIN) for each bearing indicates that the RIN value in the dynamic condition is 2.8% higher than in the static condition. This difference is attributed to the change in the effective support point of the Y-strut bearing, which shifts forward when the propulsion shafting system transitions to a dynamic condition. For small vessels, such as the one studied, the propeller shaft typically has a small diameter and low shaft stiffness. Due to these characteristics, the propulsion shafting systems of small vessels often do not carry out the shaft alignment analysis during the design stage and are commonly installed in a straight configuration. However, for the shafting systems with reduction gearboxes, the short spacing between the bearings supporting the gearwheel shaft results in a high RIN, leading to a significantly low reaction force at the forward bearing of the reduction gearbox. Therefore, measures must be implemented to increase the reaction force at the forward bearing of the reduction gearbox.

      

      
        3.2 Analysis Results of the Shaft Alignment in a Fair Curve Shaft Condition
        When the diameter of the propeller shaft is less than 300 mm, the propulsion shafting system is typically installed in a straight shaft condition. However, in cases where a reduction gearbox is present, the reaction force at the forward bearing of the gearbox approaches "0." Therefore, it is necessary to adjust the offsets of the forward and aft bearings of the gearbox to increase the reaction force at the forward bearing.

        Figure 4 and Tables 10 and 11 present the results of shaft alignment analysis in a fair curve shaft condition. In this analysis, the propulsion shafting system is assumed to be supported with infinite stiffness. To increase the reaction force at the forward bearing of the reduction gearbox, the offset of the forward bearing is adjusted to -0.38 mm, and the offset of the aft bearing is adjusted to -0.35 mm. Here, the "-" sign indicates that the bearing height is lowered relative to the reference line. Upon review, it is observed that, in the static condition, the reaction force at the forward bearing of the gearbox slightly decreases due to the buoyancy effect on the propeller. However, the reaction forces at the forward and aft bearings of the gearbox are evenly distributed.

        
          
          

          Figure 4 
				
          

          
            Deflection curve at the fair curve shaft condition
          
          

          

        

        
          Table 10 
				
          

          
            Bearing loads at the fair curve shaft condition
          
          

        

        
          
            
              	
              	Bearing load (N)
            

            
              	Static condition
              	Dynamic condition
            

            
              	0% immersion
              	100% immersion
              	Downward
(-5%)
              	Upward
(+40%)
            

          
          
            	Y-strut bearing
            	5,097.0
            	4,420.3
            	4,921.3
            	3,389.6
          

          
            	Stern tube bearing
            	4,392.1
            	3,963.1
            	2,985.4
            	5,942.7
          

          
            	R/G bearing (AFT)
            	1,104.8
            	1,496.6
            	8,195.8
            	2,957.9
          

          
            	R/G bearing (FWD)
            	1,1211.1
            	835.7
            	1,455.0
            	5,247.4
          

        

        

        
          Table 11 
				
          

          
            Bending moments at the fair curve shaft condition
          
          

        

        
          
            
              	
              	Bearing load (N)
            

            
              	Static condition
              	Dynamic condition
            

            
              	0% immersion
              	100% immersion
              	Downward
(-5%)
              	Upward
(+40%)
            

          
          
            	Y-strut bearing
            	1,480.0
            	1,287.0
            	2,262.0
            	-1,981.0
          

          
            	Stern tube bearing
            	1,529.0
            	1,376.0
            	1,687.0
            	2,594.0
          

          
            	R/G bearing (AFT)
            	403.0
            	-125.0
            	192.0
            	-723.0
          

          
            	R/G bearing (FWD)
            	0.0
            	0.0
            	0.0
            	-200.0
          

        

        

        In the dynamic condition, the external forces acting on the gearwheel of the reduction gearbox tend to increase the load on the gearbox bearings. When the propeller bending moment acts below the reference line, the load on the aft bearing of the reduction gearbox increases significantly to 8,195.8N. Conversely, when the propeller bending moment acts above the reference line, the load on the forward bearing of the reduction gearbox rises sharply to 5,267.4 N. This behavior is attributed to the short spacing between the bearings supporting the gearwheel shaft of the reduction gearbox, resulting in a high Reaction Influence Number and a pronounced effect of external forces on the shafting system in the dynamic condition. Regarding the bending moment of the shaft, the largest bending moment, 2,262.0 Nm, occurs at the Y-strut bearing when the propeller bending moment acts below the reference line. Notably, when the propeller bending moment acts above the reference line, a bending moment of -200 Nm is observed at the gear shaft near the forward bearing of the reduction gearbox. In conclusion, for the propulsion shafting systems of small vessels equipped with reduction gearboxes, it is appropriate to adjust the offsets of the forward and aft bearings of the reduction gearbox to positions below the reference line to ensure that the load on the forward bearing remains positive.

      

    

    

  
    
      4. Conclusion
      This study investigated the alignment characteristics of propulsion shafting systems in small electric propulsion vessels equipped with reduction gearboxes. And then optimal measures is proposed to enhance design stability of the shafting system by reflecting the static and dynamic loads of the reduction gearbox and the characteristics of its support bearings. The results of these studies are summarized as follows.

      
        	(1) As a result of the shaft alignment analysis in a straight shaft condition, it revealed that the reaction force at the forward bearing of the reduction gearbox has a negative (-) value in the static condition. This does not meet the design criteria for propulsion shaft systems, indicating that the shaft system layout may not be appropriate.


        	(2) For small vessels, the low stiffness of the propeller shaft, due to its small diameter, generally the propulsion shafting system is installed in a straight shaft condition. However, in systems with reduction gearboxes, the short spacing between the gearbox bearings often leads to structural issues, such as negative (-) or extremely low positive (+) reaction forces at the forward bearing.


        	(3) By adjusting the offset of the forward bearing to -0.38 mm and the aft bearing to -0.35 mm, it is confirmed that the reaction forces at the forward and aft bearings of the reduction gearbox are evenly distributed in the static condition.


        	(4) In the dynamic condition, the external forces acting on the gearwheel shaft of the reduction gearbox tend to increase the bearing loads. The reaction forces at the forward and aft bearings of the reduction gearbox tends to vary inversely with the direction of the propeller bending moment. This behavior is attributed to the high RIN value resulting from the short spacing between the gearbox bearings.


        	(5) For the propulsion shafting systems of small vessels with reduction gearboxes, adjusting the offsets of the forward and aft bearings in the reduction gearbox to positions below the reference line is recommended as an effective layout to maintain positive (+) reaction forces at the forward bearing. This adjustment can serve as a design guideline for propulsion shafting systems in small vessels equipped with reduction gearboxes. However, to ensure the reliability of the results of this study, future research should conduct verification through additional measurements using methods such as the jack-up method or the strain gauge measurement method


      

    

    

  
    
      Nomenclature
      
        
          	
          	
        

        
          	
            
						FEM
					 : 
          
          	
            Finite element method
          
        

        
          	
            
						IMO
					 : 
          
          	
            International maritime organization
          
        

        
          	
            
						MCR
					 : 
          
          	
            Maximum continuous rating
          
        

        
          	
            
						R/G
					 : 
          
          	
            Reduction gear
          
        

        
          	
            
						MOI
					 : 
          
          	
            Moment of inertia
          
        

        
          	
            
						RIN
					 : 
          
          	
            Reaction influence number
          
        

        
          	
            P1~P4 : 
          
          	
            External force acting on a node
          
        

        
          	
            Up1~Up4 : 
          
          	
            Displacement of nodes
          
        

        
          	
            ffa1 : 
          
          	
            Section force at a1 stage
          
        

        
          	
            K : 
          
          	
            Stiffness matrix
          
        

        
          	
            U : 
          
          	
            Displacement row matrix
          
        

        
          	
            P : 
          
          	
            External force row matrix
          
        

        
          	
            f : 
          
          	
            Section force row matrix
          
        

        
          	
            F : 
          
          	
            Force row matrix
          
        

        
          	
            R : 
          
          	
            Bearing load after alignment
          
        

        
          	
            R'
					 : 
          
          	
            Initial bearing load
          
        

        
          	
            kaa1 : 
          
          	
            Force to be applied to a1 point in order to cause a unit displacement at a1 point
          
        

        
          	
            kab1 : 
          
          	
            Force to be applied to b1 point in order to cause a unit displacement at a1 point
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